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Nonlinear Transonic Flutter Analysis

C. J. Borland* and D. P. Rizzettat
Boeing Military Airplane Company, Seattle, Washington

A numerical procedure is presented for predicting the static and dynamic aeroelastic characteristics of thin,
clean swept wings in transonic flow. The method is based upon the simultaneous time integration of the
equations governing the coupled nonlinear fluid dynamic and structural aeroelastic system. Governing equations
for the system are developed and the numerical algorithm, including the coupling procedure for their solution, is
discussed. As a computational example, the flutter of a simple rectangular wing is considered. Solutions are
presented for a range of Mach numbers and dynamic pressures and compared to other existing flutter analysis
methods including doublet lattice, modified strip theory, and time linearization. Unlike other procedures, the
method presented here is capable of predicting the nonlinear interaction between unsteady shock wave motions
and the dynamic response of an elastic wing. Computed results indicate the existence of the ‘‘transonic bucket.”’
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le =leading edge

min = minimum value

N =normal direction

R =rigid

S = streamwise

St = steady

te =trailing edge

tip = wing tip

Un =unsteady

X, Y21,

£4¢ = partial derivatives

Superscripts

n =time level

T =transposed matrix

+ = upper surface
=lower surface

(=) =backward difference

(7),(™) =intermediate values

() =derivative with respect to physical time ¢*

I. Introduction

OME of the most difficult and most dangerous problems

in aircraft aeroelasticity arise in the transonic flight
regime. The difficulty stems from the fact that the equations
governing transonic flow are inherently nonlinear, which has
effectively precluded analytical or numerical solution by
traditional approaches.” The danger arises because the
transonic regime is often the most critical from a structural
dynamic viewpoint. This has led to a situation in which new
designs can only be proven adequate by extensive high-cost
transonic wind tunnel testing of dynamically scaled models
and by incorporation of large safety margins in certification
procedures. Wind tunnel testing can, at best, provide only a
limited simulation of the actual aircraft’s behavior in free
flight, due to both structural and fluid dynamic limitations of
scale models and to the severe wall interference effects present
in transonic testing. The actual extent of the safety margins
present in the design, such as the traditional flutter speed
margin of 20% over design dive speed, cannot be demon-
strated in flight test because of either safety or performance
limitations. It is essential, therefore, that accurate analysis
methods, supported and verified by carefully conducted
experimental procedures, form the cornerstone of the
structural dynamicist’s contribution to the process of
designing transonic aircraft.

The search for accurate transonic flow analysis methods
has occupied many researchers over a period of more than 30
years. These methods are essential to aerodynamic design and
performance prediction, as well as for structural design and
structural dynamic analysis. Until the 1970°s, work con-
centrated almost exclusively on extensions of linearized theory
for certain restricted applications. In 1970, Murman and
Cole! presented work demonstrating for the first time that the
essential feature of transonic flow—the presence of a mixed
subsonic-supersonic flow region containing embedded shock
waves—could be obtained by a simple numerical finite-
difference solution of the steady two-dimensional transonic
small disturbance equation. Although both steady and un-
steady solutions of the Euler equations were obtained by
Magnus and Yoshihara,?? the computing time was considered
to be prohibitive for practical computations. The work of
Murman and Cole was later extended to three-dimensional
steady flow over thin wings by Ballhaus and Bailey* and
others®% to include bodies, nacelles, pylons, and winglets.
Steady full-potential three-dimensional methods have also
become available.”-8

Development of methods for unsteady transonic flow has
followed two distinct approaches, both of which extend the
work of Murman and Cole. These are classified as
“‘frequency-expansion’’ or ‘‘time-linearized’’ methods*!3 and
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nonlinear “‘time-integration” methods.!* The frequency
expansion method assumes the unsteady flowfield to be a
linear harmonic perturbation about a mean steady state. The
resulting linear unsteady equation may be solved by relaxation
or by time integration for motion at a given frequency. Since
the mean location of shock waves in the frequency expansion
method is given by the steady-state solution, shock motions
are constrained to be small motions about the steady location.
The assumption of a linear perturbation may be adequate
under certain circumstances, and is certainly convenient if
traditional linearized aeroelastic stability analysis procedures
are to be used. However, it may be a dangerous one to make a
priori since the potentially important nonlinear effects of
large amplitude shock motions, harmonic interaction, and
amplitude sensitivity will be missing from the results. Indeed,
there is considerable evidence, both analytical!*!® and ex-
perimental’é that unsteady transonic flows do not exhibit the
behavior of this simple linear perturbation model. Fur-
thermore, it is unclear that these linearized methods could be
effectively applied when a large number of vibration modes
and a considerable frequency range must be encompassed,
since a separate computation would be required for each
mode and each frequency combination. Also, until recently!”
such methods have been restricted by numerical difficulties to
very low-frequency motions.

The alternate approach of time integration removes many
of the limitations of the frequency expansion method. Most
importantly, since a time-dependent nonlinear equation is
solved, the motion (including the disappearance) of shock
waves can be accurately predicted. Ballhaus and Goorjian!4
demonstrated the ability of the method to reproduce various
types of irregular (periodic but nonsinusoidal) shock motions
that have been observed experimentally. From an aeroelastic
viewpoint, there has been considerable discussion recently!®
about the importance of shock motion in transonic aeroelastic
stability (flutter), thus evidencing an urgent need for a method
that accurately accounts for these effects. Additional at-
tractive features of the time-integration method are the ability
to handle general unsteady (rather than sinusoidal) motion,
the incorporation of nonlinear effects of finite motion am-
plitude, and the removal of frequency limitations, provided
that the proper time-dependent terms are included in the
formulation.!® For aeroelastic calculations, it is possible to
couple the aerodynamic and structural equations directly,
rather than using the indirect approach of calculating
aerodynamic forces for each structural mode and frequency
combination independently. This was the first demonstrated
for a single degree-of-freedom pitching oscillation,? and later
for simple two-dimensional aeroelastic systems.?-2 The
methodology for providing the coupling with three-
dimensional aeroelastic systems, employing an arbitrary
number of degrees of freedom, is presented here.

An extension of the two-dimensional time-integration
method of Ballhaus and Goorjian!4 to three-dimensional
unsteady transonic flow about swept wings was considered by
Borland et al.?* Details of the governing equations, coor-
dinate transformation, and numerical algorithm necessary for
solution of the Ilow-frequency approximation to the
modified?® three-dimensional unsteady transonic small
disturbance equation may be found in Ref. 24. The extension
of this method to incorporate high-frequency effects in the
differential equation and boundary conditions, and coupling
of the method with the solution of equations for static and
dynamic aeroelastic problems are described herein.

II. Formulation of the Aerodynamic Problem

It is assumed that the fluid motion may be described by the
modified three-dimensional transonic small disturbance
equation for unsteady inviscid flow in the form

o [ Wp W W _

= 1
at ox  dy dz ()
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where
Jo=—(A¢,+Bo,) (2a)
J1=E¢ +F¢2+Ge? (2b)
Sr=¢,+Ho ., (20)
f3=¢, 2d)

Here, ¢ is the perturbation velocity, potential function
defined from the complete potential  as

& (x*,y* 2%, 1) =Usc,[x+d(x1,2,1)] €))

where the physical dimensions x*, y*, z*, #* have been
nondimensionalized as

x=x*/c, y=y*/c, z=z*/c, t=kU,t*/c, )]
In Eq. (4) ¢, is the chosen reference length (usually the root
chord) and k is a nondimensional scaling factor on time. Also,

A=M2K? B=2M%1k E=1-M?2 F=—Vz('y+1)Mﬁc
G=V(y=3)M%, H=—(y—1)M, ®)

A steady three-dimensional equation analogous to Eq. (1) was
proposed by Lomax et al.,?’ where it was pointed out that the
nonlinear cross terms proportional to G and H were necessary
for the proper capture of swept shocks on wings with sweep
angle greater than about 15 deg. Unlike the “‘classical”
equation where G = H =0, the specific form of the cross terms
used here cannot be obtained by any formal limiting process.
Experience with steady-state, three-dimensional solutions,
however, has shown their inclusion to be necessary for the
accurate reproduction of experimental results.?6 Alternate
forms of the coefficients F, G, and H are also possible.?’

Boundary Conditions

The boundary conditions for the flowfield and wing surface
may be stated as

¢=0 (far upstream) (62)

b, +ko, =0 (far downstream) (6b)
¢,=0 (far above and below) (6¢)
6,=0 (far spanwise) (6d)

¢, =0 (wing root) (6¢)

On the wing surface defined by z=/=* (x,y,t), the linearized

unsteady boundary condition
odE=f+kf* (7a)

is applied on
2=0* X ,=x=Xx,

Y=Dip (7b)

Across the trailing vortex sheet in the wake given by z=0 for
‘x> X, the contact surface conditions

[¢.1=0 (continuity of slope) (8a)
and
(6, +ko,]1=0 (continuity of pressure) (8b)

are applied, where the brackets denote the jump in the en-
closed quantity across the vortex sheet. Finally, the problem is
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fully defined by specification of the initial conditions

¢ (x%),2,0)=g(x.0.2) ¢,(%3,20)=h(xy,z) ®

The above boundary conditions are applied if a ““free-flight”’
computation is being performed. Conditions (6¢) and (6d) are
the equivalent of assuming solid walls at a large distance from
the wing and have proven effective in previous methods.*!*
Some improvements in computational efficiency or accuracy
can probably be achieved by considering the computational
boundaries closer to the wing and using ‘‘nonreflecting’’ far-
field boundary conditions.? Alternate flowfield boundary
conditions?® can be applied in the case of ventilated wind
tunnel walls.

The structural surface boundary condition, represented by
Eq. (7) and appropriate for a small disturbance method, is a
simple one: flow tangency at the wing surface satisfied on the
mean chord plane. In Eq. (7) f* represents the local time-
dependent description of the upper (+) and lower (—) surface
ordinates. This description can be used to incorporate
geometric shape, rigid motion, and static and dynamic
aeroelastic effects.

For a steady-state calculation on a rigid wing, the local
surface velocities f are zero and the local surface slopes f
are given by the superposition of geometric angle of attack,
local twist, and slope due to airfoil section geometry. Ad-
ditional complexities arise in the cases of specified unsteady
motion, static aeroelastic deflection, dynamic aeroelastic
motion, control surface deflection, or atmospheric gusts.

Transformation of Coordinates

For purposes of computational convenience, the following
shearing transformation is applied in order to map a swept
tapered wing planform in the physical domain into a rec-
tangular planform in the computational domain. We define

X=X

£ n=y {=z (10)

Cc

where c is the local chord nondimensionalized by c,. This
transformation leads to a final form of the equation to be
solved numerically:

d
cA¢, +Bo,, = & (a¢; +boi) +2Gs¢, 0,
2 %¢ 9X Y
+&(C¢>n)+Ca—§3+a‘£‘+a—n an
where
a=(l/c)(E+2Ggct 9,) (12a)
b= (/) (F+Gsc?E2) (12b)

- X=Gn(§,0; +¢,)° +HE2Q] + HE ¢, ¢, + ¢t , ¢, +CElo,
(12¢)
Y=Ht , ¢{+ Hob ¢, +ck b, (124d)
and Gy, Gy represent a splitting of the coefficient G in Eq.

(2b) into streamwise and normal contributions, such that
Gg=1-MZ. ’

Numerical Algorithm

The time-accurate solution of Eq. (11) may be obtained by
the following first-order (Af) accurate approximate fac-
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torization alternating direction implicit (ADI) algorithm:

£ sweep:

(P57 ) =oeler (5 ) vowii

+2G;(5,9")D, (8;0") +9, (cb,6")
+Bpd" +6 X" +8, Y (13a)

7 SWeep:

b—3\ I -
55 (P57 = 3ate s 00

+Gs(8,6")D, (5, —8,0") (13b)
¢ sweep:
P+l —2¢pn 4 pn—! ¢n-+—1_;£
A( )+85(55)
. AP 50 At
_¢ 5 n+l n : 13
=3 w (" —0") (13c)
where §;, 571.’_ 6 ¢« are second-order accurate central-difference

operators, 0, is a first-order backward-difference operator,
and D,, D, are mixed type-dependent difference operators.
The details of the numerical method represented by Eq. (13)
are summarized in Ref. 24 and discussed in full detail in Ref.
30. The difference between the present description and that of
Ref. 24 arises in the incorporation of the term representing the
second derivative of velocity potential with respect to time
(¢,,) in the third sweep and the incorporation of time-
derivative terms in the wake, the downstream boundary
conditions, and the calculation of pressure coefficients.
Inclusion of these terms is necessary to account for ‘‘high-
frequency”’ effects, that is, flows with a reduced frequency £,
greater than about 0.4, where k =wc,/U, represents the
ratio between the time scales of the moving fluid and surface
motion at some characteristic circular frequency w. Numerical
stability of the original algorithm appears to be slightly
improved by the addition of the ¢,, term.

The numerical algorithm represented by Eq. (13) is used to
advance the velocity potential in the computational domain
from time step n to time step n+ 1. It is applied repeatedly
until some previously established condition (such as con-
vergence of a steady flowfield or completion of a specific
number of time steps) is fulfilled.

Aerodynamic Pressures and Coefficients
Once the perturbation potential ¢ is obtained by the

solution of Eq. (11), the local pressure coefficient on the
upper and lower surfaces is obtained as

Cr=—(2/c)¢gF —2ko* (14)
and the total aerodynamic force and moment coefficients are

found by integration of the pressure differential. For
example, the spanwise distribution of normal force is given by

1
ccn (V) =cSO AC,d¢& (15)

where
AC,=C,-Cy (16)

Other coefficients may be obtained in a similar manner.
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III. Formulation of the Aeroelastic Problem

The general nature of the aeroelastic problem involves the
balance between the aerodynamic forces on a vehicle, the
structural forces created by elastic deformations, and the
inertial forces. This is true whether the problem is one of
static equilibrium, dynamic aeroelastic stability, or dynamic
response. In this section, the method previously described for
calculation of the steady and unsteady aerodynamic forces on
thin wings in transonic flow will be coupled with structural
equations of motion to form a unified aeroelastic method.

Structural Equations of Motion

A convenient and economical representation of the static
and dynamic characteristics of a flexible airplane structure is
the concept of generalized coordinates.?! In this concept, the
physical deformations of an elastic structure are represented
by a generalized coordinate transformation, where the
generalized coordinates are given by calculated or assumed
modes of the structure. A common representation, and one
usually leading to the most accurate representation of
structural deformation with the smallest number of
generalized coordinates, employs orthogonal free-vibration
mode shapes. Here the time-dependent deformation of a thin
restrained wing subject to a time-varying force is given by the
infinite series

wx*,py, %)= E @, (x*,y")g; (t*) (17)

i=]

where &, (x*,y*) is the displacement of the structure in the ith
free-vibration mode. The generalized displacement g, (¢*)
specifies the amount of the ith mode participating in the
deformed shape, and is given by solution of the following
ordinary-differential equation:

Mg, +Mwiq,=Z,

1

(i=1,2,...,2) (18)

where
M= | @200ty mxt yyaeeaye (19)
is known as the generalized mass of the ith mode and
z9= [ Fooeymme a0

is the time-dependent generalized force in the ith vibration
mode of natural frequency w,. In the above equation,
m(x*,y*) represents the mass per unit area and F, (x*,y*,f*)
the applied time-dependent external force per unit area. The
integrals are carried out over the wing surface area S. To
complete the problem, g,(0)=A, and g, (0) = B, are prescribed
as initial conditions on displacement and velocity for each of
the generalized displacements.

The time-dependent external force may be composed of
motion-dependent aerodynamic forces and applied external
forces

F (x*,y*, %)= Vep ,ULAC, (x*,y*,1*) + fp (x*,p*,1%)  (21)

where Y2p, U2 is the freestream dynamic pressure,
AC, (x*,y*,1*) the time-dependent aerodynamic load
distribution, and fg(x*,y*,r*) an applied external force. It
may be noted that physical independent variables have been
used here, as is customary in aeroelastic formulations.3?

The system of Eqgs. (17-21) represents an exact formulation
of the problem if an infinite number of orthogonal modal
coordinates is used. In actual practice, only a finite number of
modes is usually available from a lumped-parameter solution
of the free-vibration problem. The number of modes available
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is equal to the number of dynamic degrees of freedom in the
vibration analysis. A further reduction in this set, known as
“modal truncation’’® is usually employed in structural
dynamic analysis. The number of modes necessary to
represent the deformations of the system is problem
dependent, ranging from two or three for simple beams to a
few dozen for complex aircraft structures. Although many
variations of the method, such as the method of residual
flexibility,3? have appeared in the literature over the years, the
basic form has been adopted herein for simplicity. With a
finite number of mode shapes, the following matrix for-
mulation of Eq. (18) can be conveniently adopted.

MI{g} +[Klq) = (F)} (22)
where
M1 =[2,17[m][2,] (23)
and
K] = [0’ M) = [®,]7[k][®,] 24)

where [m] and [k] represent the elemental mass and stiffness
matrices arising from the lumped-parameter structural
idealization, and [®,] represents the displacement of the
natural vibration modes at a chosen set of structural grid
points. The generalized forces can be written as

(Fl={F )+ {(Fg}="20o, UL[®,]T[AHAC, ) + [®L] (/i)
(25)

where [A] represents the diagonal matrix of elemental areas
assigned to each of the aerodynamic control points, {AC,}is
the lifting pressure at each of these control points, {f;} the
applied external force, and [®,] and [®;] the modal
displacements at the aerodynamic and external force ap-
plication control points.

Equation (22) is a valid representation of the structural
dynamics of a flexible wing if the structural system is con-
servative. In an actual structure, dissipative forces are present
in the form of material damping in metals and adhesives, free
play in joints and fasteners, effects of nonstructural elements,
etc. These are extremely difficult to estimate analytically, and
may be incorporated into the model as a “‘structural damping
coefficient’” on each free-vibration mode (based on ex-
perimental data, previous experience, or an ad hoc assump-
tion) with the damping specified as a velocity-dependent
force. Thus, Eq. (22) is rewritten as

M1{q} +[Gltq} +[K]lq}) = {F} (26)

where
(G)= [edlK] " [M]* @7

and g; is the specified structural damping coefficient for each
natural mode. In the above development, the structural
damping is treated as an equivalent viscous damping34 and
differs from the usual “‘artificial’’ damping of the V-g flutter
solution method¥® in that the g,’s are treated as known
quantities, estimated or measured, rather than as unknown
parameters determined as part of the solution.

Boundary Conditions for Aeroelastic Coupling

The solution to the system of structural equations of
motion is coupled to the aerodynamic solution through the
boundary conditions. The flowfield boundary conditions, as
specified in Eq. (6), remain unchanged for the aeroelastic
problem. The structural surface boundary condition, Eq. (7),
may now be considered to contain terms that are specified and
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terms that are determined by solution to the aeroelastic
equations. Because of the nonlinear nature of the
aerodynamic problem, and the assumed linear nature of the
structural response, the appropriate method of determining
the actual unsteady pressure distribution, integrated forces,
and associated structural response may be summarized as:

1) Determine the actual time-dependent deformed shape
and motion as the sum of contributions from the static rigid,
static flexible, dynamic rigid, and dynamic flexible com-
ponents.

2) Calculate the pressure distribution and integrated
generalized forces on this actual deformed shape in a time-
dependent fashion.

3) Apply these forces through the structural equations of
motion to determine response.

This is significantly different from the usual linearized
method of aeroelastic analysis, which consists of the
following procedure:

1) The pressure distribution for each modal component of
the deformed aircraft shape and motion (for example, rigid
body and structural modes) are calculated separately and
integrated to give generalized forces.

2) The resulting forces are summed linearly in the solution
of the equations of motion to determine response.

3) If the forces are considered to be those due to harmonic
motion, the process is repeated for each of a set of frequencies
in the range of interest.

The structural surface boundary conditions on the velocity
potential for static aeroelastic analysis are as follows:

Xje X=X

28
.ysytip ( )

(62 =151+ U li |

where the rigid component f,, can contain contributions from
the local slope of the airfoil section coordinate definition of
the upper and lower surface, the geometric angle of attack,
the static rigid twist distribution (jig twist), and static control
surface deflections.

The flexible component f,,., which is considered to be the
same for the upper and lower surface, may be defined as

U ) =1241Lg) (29

where [®/]is the matrix of streamwise slopes of the natural or
assumed vibration modes defined at the aerodynamic control
points, and {gq} is the matrix of static values of the
generalized displacements. (Determination of these values is
described in the following section.) For dynamic aeroelastic
analysis, the structural surface boundary conditions may be
written as a combination of steady and unsteady terms:

(02 =2 s HLUTHA D pun + LUEHK D Flun - (30)

The first term is identical to the corresponding term for static
aeroelastic analysis containing contributions of airfoil slope,
static angle of attack, static twist, and static control deflec-
tion. The second, or ‘rigid unsteady’’ term contains con-
tributions from prescribed rigid body motions (i.e., pitch and
plunge), control surface motions, and can even include the
time and space-varying downwash contribution of a vertical
gust. The third, or “‘flexible unsteady” term is the con-
tribution from time-varying deformation of the flexible
structure defined as:

1 .
{(fv+kfr)F}U11:[(1),:1]{q}+7[¢A]{q} (31

oo

The time dependence of the generalized displacements may be
prescribed (such as sinusoidal or indicial motion) or may be
determined by solution of the equations of motion, Eq. (26).
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IV. Aecroelastic Solution Procedure

Static Aeroelastic Solution

Solution for the static deformed shape, flexible
aerodynamic coefficients, and static aeroelastic loads may be
accomplished by an iterative solution of Eq. (26) for the case
when velocities and accelerations are considered to be zero,
that is, by solution of

[K1tq} = {F} (32)

This may be readily accomplished by use of inversion or any
of several linear equation solution routines, provided that the
generalized stiffness matrix [K] is not singular. Since for
orthogonal modes the matrix is diagonal and the elements are
related to the generalized masses by the modal natural
frequencies [Eq. (24)], this condition implies that rigid body
(zero-frequency) modes cannot be included in the static
aeroelastic solution set of modes. Static trim cannot be
determined directly, therefore, but must be found iteratively
by specifying aircraft angle of attack and/or control
deflections, determining the resultant total lift and moment,
and resetting angle of attack, etc.

Once the static solution for generalized displacements is
determined, the new boundary conditions [Eq. (29)] are
applied, the flowfield is recomputed, and the process is
repeated to convergence. Initial studies have shown that for
the cases considered, static aeroelastic solutions can be ob-
tained with essentially the same amount of computational
effort as static rigid solutions or with very few additional
cycles on a previously calculated static rigid solution.

Dynamic Aeroelastic Solution

Solution of the dynamic aeroelastic problem involves time-
domain integration of the set of simultaneous ordinary-
differential equations, Eq. (26), in which the nonhomo-
geneous part is determined at each time step as part of the
solution. There is a large variety of computational methods
for accomplishing this with various properties of stability,
convergence, accuracy, and efficiency. The approach
followed in this study was to assume that a simple integration
technique, applied at each aerodynamic computational step,
would be adequate, since 1) the computation effort is
dominated by the finite-difference solution of the nonlinear
flow equations, and 2) a simple method would provide an
accurate solution if the time step were small enough. These
assumptions were checked by comparison of computing times
for dynamic rigid and dynamic flexible problems, and by
integrating the homogeneous equations of motion. The
natural vibration frequencies and displacements were
recovered accurately for all modes in the test problem chosen.

The method of solving Eq. (26) is the same as that used in
Ref. 23 for the problem of transonic aileron buzz where a
simple centered difference in time was used.

Thus,
(41 = {‘—7—# } (330)
and
DB E— (33b)

Substituting into the set of equations of motion leads to a
simple implicit solution for the generalized displacements at
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step n+1 as a function of the forces and displacements at
stepsnand n—1:

1=[(g) m (537)0) s [(5)
+ ()l (G ) k]t [ () m
* (éﬁﬁ]_l[(ﬂ]?)m (A[,* )ZM] {g"~"} (34)

Specification of initial conditions (e.g., generalized velocity
and displacement at the beginning of the dynamic solution) is
required.

The time-dependent solutions of generalized displacements
can be examined to determine aecroelastic stability, and
superimposed as in Eq. (17) to determine aeroelastic defor-
mations. Dynamic aeroelastic load distributions can be
determined by integration of the time-dependent surface
pressures.

V. Aeroelastic Example and Results

The unified aeroelastic method described above has been
incorporated in a computer code known as XTRAN3S,3637
All of the results presented here were computed on a
nonuniform 60 X 20 X 40 (£,7,¢) computational mesh with the
wing surface defined by 39X 16 of these points in the £-y
plane. The minimum grid spacing and computational
boundaries are given as:

A, =0.01 —15.375 =£<26.575

min

An,, =0.05 0.0 <7=5.0 (q,,=3.33)

Afpn =0.025 —13.0375<{=<13.0375

With this mesh, approximately 4 s of CPU time (CDC 7600)
were required for each coupled fluid dynamic-aeroelastic
solution time step. A typical static aeroelastic solution can be
performed in about 300-400 steps, and a dynamic aeroelastic
solution can be performed in about 1000 steps with Ar=0.1.
The number of steps required are case dependent, however,
with complicated dependencies on planfom, airfoil section,
Mach number, and frequency range of the aeroelastic modes.

The method employed for calculating flutter solutions
using the coupled aeroelastic method may be summarized as
follows.

1) For a particular Mach number and corresponding angle
of attack, calculate the ‘‘static rigid”” solution using the
aerodynamic method described above, and save the resulting
steady flowfield to restart the dynamic solution.

2) For a particular flight condition, choose the dynamic
pressure corresponding to the chosen altitude and Mach
number.

3) The initial conditions for dynamic integration of the
generalized displacements may either be chosen explicitly or
calculated by the ‘‘static aeroelastic’’ procedure employed in
the program.

4) The ““‘dynamic aeroelastic’’ procedure is started and run
for a specified number of steps. The damping and frequency
in each of the aeroelastic coupled-mode responses can be
extracted from the calculated time histories of the generalized
displacements.

5) The “‘flutter point,” that is, the condition where one of
the generalized displacements exhibits neutrally damped
behavior, can then be determined by interpolation of the
results for solutions run at several different dynamic
pressures.
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In order to demonstrate the application of the method to an
aeroelastic problem, the flutter of a simple constant-section
rectangular wing of moderate aspect ratio in transonic flow
has been computed. Figure 1 shows the planform and
aerodynamic parameters of the wing. A uniform cantilever
beam is used as the structural model. Structural parameters,
calculated natural frequencies, and modal descriptions are
given in Ref. 38. This example was previously used in Ref. 38
to compare the results of the time-linearized transonic method
of Ref. 12 with flutter results calculated using the doublet-
lattice method and unmodified strip theory with a Prandtl-
Glauert compressibility correction. In that analysis, two
uncoupled assumed bending and torsion modes were used,
while for the present study six cantilever coupled modes were
calculated and interpolated to the aerodynamic control
points.

It should be noted that each dynamic aeroelastic solution in
the time domain is a so-called ‘“matched-point’’ solution if
the dynamic pressure, freestream velocity, and Mach number
are chosen ' consistently with standard atmospheric
parameters. A matched-point solution requires that the
assumed Mach number and density correspond to the
resultant flutter velocity. For traditional methods employing
frequency domain solutions, an iterative procedure, such as
that of Ref. 39, is usually required. In the examples shown in
Ref. 38, no attempt was made to obtain matched-point
solutions. In the results presented here, the velocity was
selected to be consistent with that analysis rather than with a
standard atmosphere.

Figure 2 shows a summary of the results of several types of
transonic flutter analysis, including the linearized doublet
lattice method,*® modified strip theory,* the time-linearized
frequency expansion transonic method,!23 and the full
nonlinear transonic method described above. In the modified
strip theory results, section lift curve slope and section centers
of pressure were obtained using the *‘static rigid’’ procedure
of XTRAN3S. This simulated the incorporation of empirical
corrections obtained from static wind tunnel tests.
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2
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4

Fig. 1 Demonstration case for nonlinear transonic flutter analysis.
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Fig. 2 Summary of flutter results for rectangular wing.
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Nonlinear transonic flutter analysis of the rectangular wing
was conducted at Mach numbers 0.80, 0.85, and 0.875. It may
be seen that the ‘‘transonic bucket’’ is predicted by the
nonlinear method of approximately the same Mach number as
by modified strip theory (using static corrections from a
nonlinear transonic calculation), but predicted flutter
dynamic pressures are lower at the most critical Mach
number. This may be an indication of the importance of
‘“‘phasing” between motion and resultant aerodynamic
forcing, as this is one fundamental difference between the full
nonlinear unsteady transonic method and the modified strip
method. The time-linearized method of Ref. 12 predicts
considerably lower flutter dynamic pressure for the two Mach
numbers calculated in Ref. 38. No transonic bucket is
predicted by the uncorrected linearized doublet lattice
method. The reduced frequency at flutter is about 0.1 (based
on semichord) for all the flutter points obtained.

Results of the nonlinear transonic method for Mach
number 0.875, which may be considered as typical, are shown
in Figs. 3-6. A deflection of 1.0 in the first generalized
displacement [corresponding to a 2.54 cm (1 in.) deflection at
the outboard end of the elastic axis in the first coupled can-
tilevered mode] was specified as the initial condition. The
simultaneous solution of the coupled unsteady transonic and
elastic equations of motion was then allowed to proceed with
three different levels of freestream dynamic pressure
specified—5.21, 8.68, and 12.15 kPa (0.75, 1.25, 1.75
Ib/in.?). The resultant time histories of the generalized
displacement of the first mode are shown in Fig. 3.
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Fig.3 Time history of first generalized displacement at M, = 0.875.
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Fig. 4 Pressure distribution and aeroelastic deflection for rectan-
gular wing at M_ =0.875, 0 =12.15 kPa (1.751b/in.?), t* = 1.330 s.
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Fig. 5 Pressure distribution and aeroelastic deflection for rec-
tangular wing at M_ =0.875, 0 =12.15 kPa (1.75 Ib/in.2), * = 1.535
s.

Generalized displacements of all other modes appeared to be
well damped for each dynamic pressure. In Fig. 3a,
corresponding to a dynamic pressure of 5.21 kPa, the solution
covers about five cycles of oscillation of the fundamental
mode, and is slightly damped. At 8.68 kPa, as shown in Fig.
3b, the solution is slightly undamped, growing about 10% in
amplitude over four cycles of oscillation. In Fig. 3c, the
solution for 12.15 kPa is highly undamped, growing to nearly
double amplitude in less than four cycles. An extraction of the
damping from the time histories by a simple log-decrement
method, and interpolation in dynamic pressure, leads to a
flutter (neutrally damped) dynamic pressure of approximately
7.29 kPa (1.05 1b/in.?), as shown in Fig. 2. For time histories
of the second and higher generalized displacements, a high
degree of coupling with the first mode is evident, and the
simple log-decrement method is not appropriate for extracting
damping. Examination of the results near neutral stability
shows the fundamental mode to be most critical for this Mach
number range.

Examples of the time-dependent pressures and surface
deflections are shown in Figs. 4 and 5. Figure 4 shows the
deflected shape and corresponding upper surface pressure
coefficient at a point near the maximum upward deflection of
the wing during the fourth cycle of oscillation, and Fig. 3
shows a point near the maximum downward deflection. It can
be seen that a significant forward motion and weakening of
the shock accompanies the upward deflection and consequent
“wash out’’ of the wing, while a rearward motion and
strengthening of the shock accompanies the downward
deflection. The extent of the shock motion is about 10% of
chord. As seen in Fig. 5, the deflected shape during the un-

X/C

Fig. 6a Pressure difference for rectangular wing at M_ =0.875,
0=12.15kPa(1.75b/in.2), r* =1.330 s.
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Fig. 6b Pressure difference for rectangular wing at M_ =0.875,
0=12.15kPa, (1.75 b/in.?), * = 1.535.

damped motion indicates coupling between the bending and
torsional modes.

A critical question in transonic flutter analysis has been the
character and role of oscillating shocks in the coupled
aeroelastic response. Figures 6a and 6b show the pressure
difference at the same points in the oscillating cycle as Figs. 4
and 5. It may be seen in this case that most of the
aerodynamic loading during the cycle of oscillation is due to
the presence and motion of the shocks on the upper and lower
surfaces, as shown by the width and magnitude of. the
‘“‘pressure pulse’’ occurring on the aft section of the airfoil. It
may also be seen that there are significant three-dimensional
effects in the pressure difference.

V1. Conclusions and Discussion

A numerical method for calculating the three-dimensional
unsteady pressure distributions on wings undergoing general
time-dependent motion in transonic flow, and for performing
coupled aeroelastic calculations, has been developed. The
method has been incorporated in a procedure for determining
the transonic flutter boundary (i.e., dynamic pressure at
flutter as a function of Mach number) for a wing with a given
aerodynamic configuration, structural definition, and inertial
properties. The method can be used with simple (beam-like) or
complex (finite element) structural definitions. The method
produces ‘‘matched-point”’ solutions, and is capable of

~
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predicting damped, neutrally damped, or undamped
(dynamically unstable) aeroelastic response.

The method has been demonstrated by -performing a
coupled aeroelastic analysis on a simple rectangular wing at
several Mach numbers and dynamic pressures. The validity of
the procedure has been shown by comparison with several
other flutter prediction methods, including the doublet lattice
method, modified strip theory, and a time-linearized tran-
sonic method. The nonlinear time integration method has
exhibited several unique capabilities, however, including the
significant interaction between the unsteady shock motions
and dynamic motion of the elastic wing, and the existence of
the ‘‘transonic bucket’’ without the necessity for empirical
corrections.

Much additional work could be performed in continued
development and application of the present method. A
comprehensive study of the effects of both static and dynamic
initial conditions (e.g., angle of attack, modal deflection)
should be undertaken. The important contribution of viscous
effects, including shock/boundary-layer interaction,
boundary-layer displacement effects, and separation to
aeroelastic stability and response should be investigated. This
may be accomplished by modification of the surface bound-
ary conditions in a coupled, time-dependent fashion. More
complex and realistic wing configurations, including the
effects of sweep, taper, and advanced airfoil sections may be
treated with the present method, and extensions to include
pylon-nacelle-store, and empennage, winglet, and fuselage
interference effects are possible. Applications to other
aeroelastic problems, including static divergence, dynamic
loading, gust response, and active control effects should be
studied. Finally, the method requires a more thorough
validation than the preliminary results presented here. A
comprehensive comparison with experimental data for a
variety of configurations, in order to establish the range of
applicability of the unsteady modified small disturbance
method, is needed.
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